We examine some geometric configurations of points in designs that give rise to vectors in the codes associated with the designs. In particular we look at small sets of points in projective planes of even order that are met evenly by all the lines of the plane, and find vectors of small weight in the binary hull and in the code's orthogonal.
Introduction
Given any design or incidence structure D, for any prime p we define the p-ary code of D to be the vector space C spanned over the field F p of order p by the incidence vectors of the blocks of D. In [1] the code C, its orthogonal code C ⊥ , the hull (C ∩ C ⊥ ) of D, and C + C ⊥ , are studied. We look here for the occurrence of the incidence vectors of certain geometric structures in these codes, extending some of the ideas from [4] .
Suppose D is a 2-(v, k, λ) design, and let C be its code over a field F . Evidently the minimum weight of C will be at most the block size, k. For the orthogonal code C ⊥ , or the hull C ∩ C ⊥ , knowledge of the minimum weight or the minimum-weight vectors might not be easy to deduce. It is well known (see [1, Lemma 2.4 .2] for a proof) that if C is not the full space then C ⊥ has minimum weight at least (r + λ)/λ, where r is the replication number of the design, i.e. the number of blocks through a point, (v − 1)λ/(k − 1). Further, if F has characteristic 2 and D has even order, then a word of this weight in C ⊥ will have support that is an oval for D. A natural question arises as to what the minimum weight of C ⊥ is in the case where D is known not to have ovals.
Our strategy here will be to look at sets of points of a design that intersect the blocks of the design in a particular way, and thus to deduce that the incidence vector of the set of points is in one of the codes mentioned above. We will restrict our attention in this paper mainly to the case of projective planes of even order. Our main results concern the existence of words of weight 2n that are not the difference of the incidence vectors of two lines, in the binary hull of some classes of non-desarguesian projective planes of even order n (see Section 4, Proposition 2 and Corollary 3), and words of weight n + 4 in the binary orthogonal code of even-order projective planes (Section 5). In particular we exhibit such sets in all the 22 known planes of order 16 (Section 6) and thus obtain the proposition:
Proposition 1 All the 22 known projective planes of order 16 have words of weight 20 in their orthogonal binary codes, and four of these codes have 20 as the minimum weight.
In Section 6 we also exhibit some new complete 16-arcs for one of the planes of order 16, and also some even sets of sizes other than 20.
First we review some terminology.
Background
The notation used is generally standard and we refer the reader to Assmus and Key [1] .
An incidence structure D = (P, B) with point set P and block set B is a t-(v, k, λ) design if every block is incident with precisely k points and any set of t distinct points are together incident with precisely λ blocks. It follows (see [1, Chapter 1] ) that D is an s-design for any s < t; we denote the number of blocks incident with s points by λ s . The order of a t-design, where t ≥ 2, is n = λ 1 − λ 2 . A Steiner design has λ = 1. A symmetric design is a 2-design with |P| = |B|, and in this case the dual structure D t = (B, P) is also a symmetric design, with the same parameters. A projective plane is a symmetric design with λ = 1.
For F any field, F P is the vector space of functions from P to F with basis given by the characteristic functions of the singleton subsets of P. If D = (P, B) is an incidence structure, the code C F (D) of D over F is the subspace of F P spanned by the characteristic functions (incidence vectors) of the blocks of D. If X ⊆ P, denoting the characteristic function on X by v X , then C F (D) = v B |B ∈ B . If F has characteristic p (in fact, F = F p ) then the dimension of C F (D) is referred to as the p-rank of D. It is well known that the code of a design of order n will only be of any interest or use in characterizations of the design when the prime p divides n: see [1] , for example. Since we shall also be looking at the code of the dual structure of D, i.e. D t , we introduce also the notation that was used in [1] for incidence vectors in the space F B , viz. w T , where T ⊆ B. Thus w x , where x ∈ P, is the incidence vector of a block in D t , and has weight r.
The orthogonal code C ⊥ (where the orthogonal is taken with respect to the standard inner product in F v , i.e. , for u, w ∈ F v , (u, w) = x∈P u(x)w(x)) is defined by
The hull of a design D with code C over the field F is the code
Recall that the weight of a vector is the number of non-zero entries in the vector. Clearly the code from a design will have minimum weight at most the block size k. The vector in F v , all of whose entries are 1, is called the all-one vector and denoted by . Thus  = v P .
Let D = (P, B) be a 2-(v, k, λ) design. A set of points S ⊆ P such that no three points of S are together on a block of B is called an arc. A block B ∈ B is
• tangent to S if B meets S in a single point;
• secant to S if B meets S in two points;
• exterior to S if B does not meet S.
(More generally, if S is a set of points in D, then a block is called a j-secant if it meets S in j points.) In general, we will use the following notation for the intersections of blocks with a set S of points in a design:
• t j is the number of j-secants to S;
• u j is the number of j-secants through a point not on S;
• v j is the number of j-secants through a point on S.
Thus u j and v j will depend on the point chosen, in general.
It is easy to show (see [1, Chapter 1] ) that if D = (P, B) is a 2-(v, k, λ) design of order n, where k ≥ 3, and if S is an s-arc of D, then
(1) if n is odd, or n is even and λ does not divide r, s ≤ (r + λ − 1)/λ; (2) if n is even and λ divides r, s ≤ (r + λ)/λ.
An oval (usually called a hyperoval in the literature when D is a projective plane of even order) in D is an arc of maximum size m, where
(1) m = (r + λ − 1)/λ if n is odd, or if n is even and λ does not divide r (i.e. every point on the arc is on a unique tangent);
(2) m = (r + λ)/λ if n is even and λ divides r (i.e. there are no tangents).
An arc S is complete if no point can be adjoined without S losing the property of being an arc. The secants (also called 2-secants) to a complete arc cover all the points off the arc. Given a set of points S in a design D the intersection numbers associated with S are the sizes of the intersections of the blocks with S. Thus in a 2-design an arc has intersection numbers from the set {0, 1, 2} and an oval (hyperoval) has intersection numbers 0 and 2.
Sets of Even Type
Let Π be a finite projective plane of order n, i.e. Π is a 2-(n 2 + n + 1, n + 1, 1) design. It is well known that the p-ary code C of Π, where p|n, has minimum weight n + 1 and the minimum-weight vectors are the multiples of the incidence vectors of the lines of Π: see [1, Chapter 6] , for example. Thus the code completely determines the plane. In general, less is known about C ⊥ and the hull; for the desarguesian plane, the minimum weight of the hull is 2n, with the minimum-weight vectors the scalar multiples of the difference of two incidence vectors of lines. It is not known if this is the minimum weight for the hull of any plane, but we do know that for some non-desarguesian planes vectors of weight 2n that are not of this form may be present in the hull: see below. Similarly, not a great deal is known about C ⊥ , except that for binary codes the minimum weight is at least the size of a hyperoval, i.e.
n + 2, and any vector of this weight in C ⊥ must be the incidence vector of a hyperoval. In the case where p is odd, even the minimum weight of C ⊥ is not known in general. Until quite recently there was no finite plane known that had no hyperoval; however, four planes of order 16 are now known to have no hyperovals: see [10] . The question then arises: what is the minimum weight of C ⊥ ? Is it then n + 4, the next possible weight? We show in Section 6 that in the case of the 22 known planes of order 16 vectors of weight 20 can be constructed in C ⊥ . We also look at the general question: are there always weight-(n + 4) vectors in the binary code C ⊥ when n is even?
A non-empty set S of points in a plane is said to be of even type if every line of the plane meets it evenly. It follows that |S| and the order n of the plane must be even, and that |S| = n + 2s, where s ≥ 1. The incidence vector of a set of even type is thus clearly in the orthogonal binary code of the plane. More specifically, a set of points will be said to have type (n 1 , n 2 , . . . , n k ) if any line meets it in n i points for some i, and for each i there is at least one line that meets it in n i points. Thus the set is of even type if all the n i are even.
Words of Weight-2n in the Hull
Consider the Hall plane Π of order 16, as described in [15] . This plane has complete 16-arcs. If A is a complete 16-arc then in the dual plane Π t the 32 tangents to A form a set of even type. Computationally, using the construction described in [15] and Magma [2] , and the first complete 16-arc in [15, Section 6], we obtained a vector of weight 32 in the hull of Π t that is not the difference (sum) of the incidence vectors of two lines, since lines meet the set in 0, 2, 4, 6 or 8 points.
More generally, the Hall plane of order q 2 , when q = 2 m and m ≥ 2, has complete q 2 -arcs, by Menichetti [7] , and the 2q 2 tangents to such an arc form a set of even type in the dual plane. This will always give us words of weight 2n in the binary hull of such planes of even order n, as the following proposition shows.
Proposition 2 Let Π be a projective plane of even order n and suppose that S is a complete n-arc in Π. Then the set T of tangents to S in the dual plane Π t has incidence vector w T in the binary hull of Π t . Furthermore, the vector w T is not the difference of the incidence vectors of two lines in Π t .
Proof: Every point x ∈ S is on two tangents, so clearly there are 2n tangents. Let T denote the set of tangents, as points in the dual plane Π t . Then T is a set of even type in Π t . Thus
⊥ , where C t is the binary code of Π t .
Now we show that w T ∈ C t and thus is also in Hull(Π t ). For this notice that if
Finally, we need show that w T is not the difference of the incidence vectors of two lines of Π t , i.e. we need show that no point of Π is on n tangents to S. But this is clear since S is a complete n-arc. 2
Menichetti's result gives us the following:
Corollary 3 Every dual Hall plane of even square order n has a vector of weight 2n in its binary hull that is not the difference of the incidence vectors of two lines.
There are complete 16-arcs in the dual derived semifield plane of order 16, as we will exhibit in Section 6 (13), and thus the derived semifield plane will also have vectors of weight 32 in its binary hull that are not the difference of the incidence vectors of two lines. Similarly, there are complete 16-arcs in the Johnson-Walker plane, as shown in [14] .
Notice, however, that we are still not able to settle the question of the actual minimum weight of the hull of a plane. However, Proposition 2 does verify once again the well-known result (see, for example, Hirschfeld [3] ) that there are no complete arcs of size n in a desarguesian plane of order n, since we know from coding theory that the only words of weight 2n in the binary hull of a desarguesian plane of order n are the differences of the incidence vectors of two lines: see [1, Chapters 5, 6] . These codes are generalized Reed-Muller codes.
Sets of Even Type of Size n + 4
If S is a set of even type in an even-order plane then v S ∈ C ⊥ . The minimum possible weight of vectors in C ⊥ is n + 2, in which case the set is a hyperoval. If no hyperovals are present we would like to know what the minimum weight of C ⊥ can be, and, in particular, if it is n + 4. We know it is at most 2n, since the difference of the incidence vectors of two lines has this weight. We first make the following observation:
Lemma 4 If a set S of size n + 4 in a plane of even order n is of even type, then it is of type (0, 2, 4).
Proof: Let x be a point of S and let v j be the number of j-secants through it. Counting gives
and thus v 2i = 0 for i ≥ 3, v 4 = 1, and we have the result. 2
Migliori [8] considered generally sets of size n + s and of even type (0, 2, s), when the order n of the plane is even, and in particular she obtains such sets for s = Korchmáros and Mazzocca [5] consider (n + t)-sets of type (0, 2, t) in the desarguesian plane of order n. They show that sets of size n + 4 of type (0, 2, 4) always exist in the desarguesian planes of orders n = 4, 8, 16, but have no existence results beyond this for even sets of size n + 4. With Magma we constructed some of the sets described in that paper in the desarguesian plane of order 16; the set described in their Proposition 7.1 (the statement of which has a printing error in that η 9 should read η 7 ) is the union of two complete 10-arcs that are mapped onto one another by an elation of the plane. In fact it seems that a 20-set of type (0, 2, 4) can always be split into two complete 10-arcs by some choice of two points on each of the five 4-secants. We will show in Section 6 that all the known planes of order 16 have sets of even type of size 20, and thus C ⊥ has minimum weight 18 in the case where the plane has hyperovals, or 20 in the case of the four planes that do not have hyperovals.
First we make some general observations about sets of type (0, 2, 4). If S is such then, as we observed before, |S| = n + 2s where s ≥ 1. Using the notation defined in Section 2, for any point on S, let v j denote the number of j-secants through it. Then v 2 + v 4 = n + 1 and v 2 + 3v 4 = n + 2s − 1, so that v 4 = s − 1. If s = 2 then v 4 = 1 and we see that the 4-secants partition the points of S. Further, keeping s = 2, i.e. |S| = n + 4, if we denote by t j the number of j-secants to S, for j ∈ {0, 2, 4}, then counting shows that t 4 = 1 4
(n + 4),
n(n + 4) and t 0 = 1 4 n(2n − 5). Finally take a point not on S and let u j denote the number of j-secants through it. Then u 0 + u 2 + u 4 = n + 1 and 2u 2 + 4u 4 = n + 4.
In all but one of the cases we have constructed, i.e. for n ≤ 16, and also for the desarguesian planes in general (from [5, Theorem 1, page 448]), the 4-secants are concurrent. Following [5] we will refer to such a point as the 4-nucleus of the 20-set. This point would have u 2 = 0 and u 4 = n, since in that case the last 4-secant cannot be constructed; thus in particular, for n = 8, which is the desarguesian case proved already in [5] , the 4-secants must be concurrent. The 20-set without a nucleus that we found by computation in one of the planes of order 16 has two points with u 4 = 3 and four with u 4 = 2: see Section 6 (17). The five 4-secants and the six points of intersection have the property that they can be completed to a Fano plane by the addition of one more point and two more lines.
We consider now possible constructions of (n + 4)-sets of type (0, 2, 4). First note that we need n ≥ 4, and that for n = 4 we simply take the symmetric difference of two lines. Thus we take n ≥ 8. A possible construction of an (n+4)-set of type (0, 2, 4) involves the existence of complete ( (i) A and A share exactly one interior point (i.e. point on no tangent) and the 1 4 n + 1 secants on it;
(ii) the n secants to A other than the 1 4 n + 1 secants on the common interior point are exterior to A , and similarly interchanging A and A .
Then A ∪ A is an (n + 4)-set of type (0, 2, 4).
Proof: The proof is straightforward. 2
In fact for the planes of order 16 we have found 20-sets of type (0, 2, 4) arising from this construction, apart from the one example where no 4-nucleus was present. Conversely, starting with a 20-set S of type (0, 2, 4) with a 4-nucleus, in all the cases we computed we found that we could choose any subset T of S such that T had one point from one of the 4-secants, say L, but met all the other 4-secants twice, then a point x could be found on L∩S such that T ∪{x} turned out to be a complete 10-arc. This is also true for the planes of order 4 and 8, and might follow generally. In the one case of a 20-set without a 4-nucleus the set still split in many ways into two complete 10-arcs, but the choices were not quite as free. Furthermore, for some of the complete 10-arcs from some splittings in some of the planes, once the finite points are chosen, there may or may not be some freedom in the points at infinity on the 10-arc.
We also note a rather obvious fact that can be employed in the search for (n + 4)-sets: our primary interest was in the construction of (n + 4)-sets of even type in the case when no hyperoval is present in the plane, since this would give the minimum weight of the plane's binary code's orthogonal as n+4. However, since we are interested now in the existence in all planes of (n + 4)-sets of even type, we note the following construction that quite frequently can be made:
Proposition 6 If a projective plane Π of even order n has two hyperovals that intersect in exactly 1 2 n points, then the symmetric difference of the two hyperovals is an (n + 4)-set of even type.
Proof: In the orthogonal binary code the sum of the two incidence vectors of the two intersecting hyperovals has support of weight n + 4. Since it is clearly a set of even type, it is of type (0, 2, 4), by Lemma 4, as required. 2
Note that the two arcs of size 1 2 n + 2 that are the non-intersecting parts of the pair of hyperovals are obviously not two complete (
n + 2)-arcs that the (n + 4)-set might split into. Such a splitting must be found from other considerations. Notice also that not all planes have such pairs of intersecting hyperovals, and in particular not all of the planes of order 16 do.
We now give general constructions of 20-sets of type (0, 2, 4) with a 4-nucleus in the known planes of order 16. The existence of these sets with a 4-nucleus obtained by these constructions in the known planes of order 16 is a consequence of the fact that all of these planes have some 4-group acting on them. It may be a Baer 4-group or simply some subgroup of the elementary abelian 2-group acting on the plane. The non-translation planes also admit some translations and/or shears. All these planes have a distinguished line (the line at infinity) and/or a distinguished point; furthermore, in many cases there is a distinguished flag.
Construction 7
Let Π be any of the known planes of order 16. Then Π has a 20-set of even type.
Proof: To construct a 20-set we start with two of its 4-secants. Denoting the set of eight starting points by S, these points yield sixteen 2-secants, all of whose points not in S become forbidden points, i.e. they cannot be added to S in order to get a 20-set of even type.
If the sixteen 2-secants come in pencils and these pencils have collinear centres, then we can find points to add to S. For this we need S to have a Klein 4-group V 4 in its stabilizer. Then the two 4-secants which form S must meet on the distinguished line (possibly at the distinguished point).
One way that guarantees such a situation is to choose as S the set of finite points on two lines of a Baer subplane Π 0 of Π with the line at infinity of Π 0 coinciding with the line at infinity, a0, of Π. Let I be the point on a0 where the two 4-secants meet. Since Π 0 is a Baer subplane of Π, it is a blocking set. Thus the sixteen 2-secants produced by S kill all points of Π but those of Π − Π 0 on the three lines of Π 0 through I other than the two starting 4-secants. This leaves 3 · 12 points that can be added to S to complete the 20-set. Indeed there are usually three possible choices and again the eight finite points that are added to S must be chosen so that they are stabilized by the same V 4 that stabilizes S. With such a choice the four points at infinity that the 20-set has come out naturally. (If Π is a shear plane then a0 is substituted by a shear axis.)
Moreover, to construct a 20-set with 4-nucleus it is enough to choose the set S of eight starting points on two 4-secants so that the two 4-secants meet at a point I on the distinguished line of Π (possibly I = A0 where A0 is the distinguished point of Π) and S is stabilized by a V 4 . Then the sixteen 2-secants provided by S come in pencils with centres on the distinguished line of Π (on a shear axis). Once the forbidden points are deleted, points remain on lines through I that can be added to S, using the V 4 to pick them out. Thus a 20-set is constructed. Usually we get six 20-sets starting from S. 2
Some 20-Sets in the Known Planes of Order 16
We give in this section specific 20-sets of even type for the known planes of order 16. In most of the cases we are able to describe the specific sets with reference to published papers constructing the plane, but in some cases we had to resort to pure computation, using Magma, looking for words of weight 20 in the code's orthogonal, and then analysing the structure of the set. In such cases we refer the interested reader to the first author for data containing the plane and the 20-set.
All the planes have 20-sets; we refer to the notation used in the various papers, as quoted. All the sets found by construction have a 4-nucleus, and all split into two complete 10-arcs, in many ways. We indicate a splitting in each case, giving just one of the complementary complete 10-arcs. Note that the desarguesian plane of order 16 has these sets and they can be constructed as described earlier, using the results of [5] . The existence of the 20-sets that we describe below is in all cases a consequence of the existence of an elementary abelian 2-group acting on the plane. In the notation for these planes, the points labelled Ai are the points on the line at infinity, labelled a0. The remaining points are the finite points.
The method of obtaining the 20-sets is either that outlined in Proposition 6 or Construction 7. In the latter case, starting with eight points, if the eight points are together in a Baer subplane then three distinct 20-sets arise; if the eight points are not in a common Baer subplane then more 20-sets might arise. Similarly, it will be noticed that in certain situations for some of the planes the complementary complete 10-arcs have the property that their finite points might be completed to two hyperovals whose intersection is the set of finite points. This then produces yet another 20-set. Furthermore, different splittings into complete 10-arcs might yield distinct possibilities.
The planes are enumerated by ascending 2-rank, which is noted in each case, along with the symbols used to denote the designs as in [10] . To be consistent with that notation we have denoted the dual of a plane Π by Π * . We have included 20-sets for the planes that we examined computationally; in this case the plane is obtained from the ftp site cs.uwa.edu.au in the directory pub/graphs/planes16 [9] .
Remark 1
The points in our case are labelled 1 to 273 instead of 0 to 272. Thus to retrieve the plane as given in the ftp site [9] , subtract 1 from each point in our notation.
We can omit the desarguesian plane, since 20-sets can be constructed from [5] , but since we found two hyperovals (one regular and one Lunelli-Sce [6] ) that intersect in eight points, we will include these two hyperovals, in terms of homogeneous coordinates, just for completeness.
The sets given below then constitute a proof of Proposition 1 as stated in Section 1.
( (2) Semifield plane with kern F 2 (SEMI2 2-rank 98) [11] A pair of hyperovals ([11, page 145], γ1, γ2) intersecting in eight points gives the 20-set with 4-nucleus A3 in this self-dual plane:
and a complete 10-arc:
K13 K14 R13 R14 M 9 M 11 P 9 P 11 A4 A14.
Note in addition that the eight finite points of each of the complementary complete 10-arcs completes uniquely to a hyperoval which for the 10-arc given above is K13 K14 R13 R14 M 9 M 11 P 9 P 11 B3 B6 L7 L12 W 7 W 12 Z3 Z6 A2 A13.
Alternatively, starting with the eight points F 3 P 3 L3 S3 F 6 P 6 L6 S6 not in a Baer subplane and using the method of Construction 7, six 20-sets are obtained, all with 4-nucleus A1: F 3 P 3 L3 S3 F 6 P 6 L6 S6 B9 B11 C9 C11 D9 D11 K9 K11 A4 A7 A14 A16, F 3 P 3 L3 S3 F 6 P 6 L6 S6 B13 B14 C13 C14 D13 D14 K13 K14 A4 A8 A9 A12, F 3 P 3 L3 S3 F 6 P 6 L6 S6 H1 H2 Z1 Z2 N 1 N 2 R1 R2 A3 A8 A13 A14, F 3 P 3 L3 S3 F 6 P 6 L6 S6 H9 H11 Z9 Z11 N 9 N 11 R9 R11 A6 A10 A12 A13,
A splitting of the first of these into complete 10-arcs gives:
B9 B11 C9 C11 F 3 F 6 P 3 P 6 A4 A7, and the eight finite points complete uniquely to a hyperoval:
The point A7 is on the 20-set, the 10-arc, and the hyperoval.
(3) Semifield plane with kern F 4 (SEMI4 2-rank 98) [17] This plane also is self-dual. Starting with the points B1 B2 B13 B14 C1 C2 C13 C14 in the Baer subplane α 1 , using the method of Construction 7, three 20-sets with the 4-nucleus A0 are obtained:
B1 B2 B13 B14 C1 C2 C13 C14 T 4 T 10 W 4 W 10 T 9 T 11 W 9 W 11 A5 A6 A13 A14,
A splitting of the first of these into two complete 10-arcs yields:
The eight finite points of this 10-arc can be completed to the following two hyperovals that intersect in these eight points and whose symmetric difference gives a 20-set with 4-nucleus A0:
Similarly, starting with the points B1 D1 M 1 T 1 F 7 H7 L7 R7 in the Baer subplane β 3 , three 20-sets are obtained, with 4-nucleus A1, one of which is B1 D1 M 1 T 1 F 7 H7 L7 R7 C9 K9 P 15 S15 W 9 X9 N 15 Z15 A0 A8 A13 A16, giving a complete 10-arc:
Again, starting with the points R1 R3 R8 R13 W 2 W 3 W 11 W 16 in the Baer subplane γ 3 , three 20-sets are obtained with no points on the line a0 at infinity, with 4-nucleus A0, one of which is
giving a complete 10-arc:
Alternatively, one can start with the eight points B1 B2 B3 B6 C1 C2 C3 C6 not in a Baer subplane and obtain in a similar manner six 20-sets with 4-nucleus A0:
B1 B2 B3 B6 C1 C2 C3 C6 D4 D10 D7 D12 K4 K10 K7 K12 A5 A6 A13 A14, B1 B2 B3 B6 C1 C2 C3 C6 D5 D16 D9 D11 K5 K16 K9 K11 A7 A9 A11 A16, B1 B2 B3 B6 C1 C2 C3 C6 L5 L16 L9 L11 S5 S16 S9 S11 A3 A9 A12 A14, B1 B2 B3 B6 C1 C2 C3 C6 L8 L15 L13 L14 S8 S15 S13 S14 A4 A10 A13 A16,
A splitting of the first of these to give a complete 10-arc is:
The eight finite points here again complete to two hyperovals:
B1 B2 C1 C2 D4 D10 K4 K10 F 8 F 15 P 8 P 15 L5 L16 S5 S16 A6 A15 and B1 B2 C1 C2 D4 D10 K4 K10 M 7 M 12 X7 X12 T 3 T 6 W 3 W 6 A8 A10.
(4) Hall plane (HALL 2-rank 98) [15] Starting with the eight points B1 B2 B4 B10 C1 C2 C4 C10 in a Baer subplane, and using Construction 7, we get three 20-sets with 4-nucleus A0, one of which is:
B1 B2 B4 B10 C1 C2 C4 C10 F 9 F 11 F 13 F 14 P 9 P 11 P 13 P 14 A9 A11 A13 A14, and a complete 10-arc:
B1 B2 C1 C2 F 9 F 11 P 9 P 11 A9 A11.
(In each of the three 20-sets obtained here the eight added finite points are also in a Baer subplane.)
The eight finite points of the complete 10-arc complete to two hyperovals that meet in these eight points:
B1 B2 C1 C2 F 9 F 11 P 9 P 11 N 3 N 6 R3 R6 T 5 T 16 W 5 W 16 A9 A13, B1 B2 C1 C2 F 9 F 11 P 9 P 11 N 7 N 12 R7 R12 T 8 T 15 W 8 W 15 A11 A14, and whose symmetric difference thus gives another 20-set with 4-nucleus A0. (Note that the eight points N 3 N 6 R3 R6 N 7 N 12 R7 R12 of this 20-set are together on a Baer subplane.)
Alternatively, starting with eight points B1 B2 B3 B6 C1 C2 C3 C6 not in a Baer subplane, we get five 20-sets with 4-nucleus A0, one of which is:
B1 B2 B3 B6 C1 C2 C3 C6 D4 D10 D7 D12 K4 K10 K7 K12 A4 A9 A10 A14, and a complete 10-arc:
B1 B3 C1 C6 D10 D12 K4 K7 A4 A10. (6) Johnson-Walker plane (JOWK 2-rank 100) [14] This is one of the planes with pairs of hyperovals meeting in eight points, and thus we can get a 20-set with 4-nucleus A0 from the first pair of hyperovals in Ex. 2, page 136 of [14] :
A7 A12 D3 D6 H3 H6 K7 K12 Z7 Z12 A8 A15 D5 D16 H5 H16 K8 K15 Z8 Z15, and a complete 10-arc:
A7 A12 D3 D6 H3 H6 K7 K12 Z7 Z8.
Alternatively, starting with eight points B1 B2 B3 B6 C1 C2 C3 C6 from the Baer subplane α 2 on page 126 of [14] , and using Construction 7, we get three 20-sets with 4-nucleus A0:
B1 B2 B3 B6 C1 C2 C3 C6 D4 D10 D7 D12 K4 K10 K7 K12 A4 A10 A7 A12, B1 B2 B3 B6 C1 C2 C3 C6 D5 D16 D9 D11 K5 K16 K9 K11 A5 A16 A9 A11, B1 B2 B3 B6 C1 C2 C3 C6 D8 D15 D13 D14 K8 K15 K13 K14 A8 A15 A13 A14.
Splitting of the first of these gives a complete 10-arc:
B1 B2 C1 C2 D4 D10 K4 K10 A4 A10. (8) Dempwolff plane (DEMP 2-rank 102) [12] Starting with the eight points B1 B2 B3 B6 C1 C2 C3 C6, which are not in a Baer subplane, and using Construction 7, we obtain five 20-sets with 4-nucleus A0, one of which is:
B1 B2 B3 B6 C1 C2 C3 C6 D4 D10 D7 D12 K4 K10 K7 K12 A3 A4 A8 A14, containing a complete 10-arc:
The 2-secants of the 20-set through the original eight points are concurrent in fours at the points A1, A2, A9, A15.
Alternatively, starting with the eight points B1 B2 B4 B10 C1 C2 C4 C10, which are in the Baer subplane α ([12, page 56]), we obtain three 20-sets with 4-nucleus A0, one of which is:
B1 B2 B4 B10 C1 C2 C4 C10 F 3 F 6 F 7 F 12 P 3 P 6 P 7 P 12 A9 A10 A15 A16, containing a complete 10-arc:
Sets can also be constructed from hyperovals using Proposition 6. For example, using the two hyperovals on page 62 of [12] , we get the 20-set with 4-nucleus A1:
H7 H12 Z7 Z12 N 3 N 6 T 3 T 6 A9 A15. (10) Lorimer plane (LHMR 2-rank 106) [20] Pairs of hyperovals intersecting in eight points exist in this plane: the first two on page 147 of [20] give the 20-set n15 n16 r13 r14 t15 t16 x13 x14 a13 a14 p7 p8 s5 s6 w7 w8 z5 z6 a11 a12, and a complete 10-arc n15 n16 t15 t16 p7 p8 w7 w8 a11 a12.
Alternatively, starting with the eight points d1 d2 d3 d4 k1 k2 k3 k4 not in a Baer subplane, Construction 7 yields six 20-sets with 4-nucleus a0, one of which is:
d1 d2 d3 d4 k1 k2 k3 k4 r13 r14 r15 r16 w13 w14 w15 w16 a3 a5 a9 a15, and a complete 10-arc d3 d4 k3 k4 r13 r14 w13 w14 a3 a5.
The eight finite points of this complete 10-arc form the intersection of two hyperovals: d3 d4 k3 k4 r13 r14 w13 w14 b11 b12 m11 m12 n5 n6 z5 z6 a11 a12, and d3 d4 k3 k4 r13 r14 w13 w14 c15 c16 15 16 p1 p2 x1 x2 a3 a4, whose symmetric difference is thus a 20-set.
(11) Dual Lorimer plane (LHMR* 2-rank 106) [20] Starting with the eight points B1 B2 B3 B4 C1 C2 C3 C4, which are in a Baer subplane, and using Construction 7, we obtain three 20-sets with 4-nucleus A0, one of which is:
containing a complete 10-arc:
A pair of hyperovals ([20, page 145], ω1, ω2) intersecting in eight points gives the 20-set:
Alternatively, starting with the eight points K1 K2 K3 K4 P 1 P 2 P 3 P 4, which are not in a Baer subplane, we obtain six 20-sets with 4-nucleus A0, one of which is:
K1 K2 K3 K4 P 1 P 2 P 3 P 4 D9 D10 D11 D12 X9 X10 X11 X12 A3 A8 A11 A16, containing a complete 10-arc:
The eight finite points of this arc complete to two hyperovals:
and
whose symmetric difference will give another 20-set.
We also obtained a 32-set of type (0, 2, 4):
It has 56 4-secants which can be partitioned into seven pencils with centres at A0, A1, A2, A4, A5, A10, A15; the remaining lines on each of these points are external. All lines but a0 through any other point on a0 are 2-secants, and there are 160 2-secants.
Furthermore, we obtained a 32-set of type (0, 2, 4, 8):
This set has four concurrent 8-secants, n1, n2, n9, n10, and 32 4-secants.
(12) Derived semifield plane (DSFP 2-rank 106) [13] A pair of hyperovals ([13, page 108], the first two hyperovals) intersecting in eight points gives the 20-set with 4-nucleus A6:
As for some of the other planes already mentioned, the eight finite points of the complete 10-arc complete to two hyperovals whose intersection is this set of eight points:
whose symmetric difference will thus give another 20-set with 4-nucleus A1.
Alternatively, starting with points B1 B2 B5 B16 C1 C2 C5 C16 from a Baer subplane, and using Construction 7, we obtain three 20-sets with 4-nucleus A0, one of which is:
B1 B2 B5 B16 C1 C2 C5 C16 H3 H6 Z3 Z6 H9 H11 Z9 Z11 A3 A6 A9 A11, and a complete 10-arc:
B1 B2 C1 C2 H3 H6 Z3 Z6 A3 A6, and the eight finite points of this arc do not complete to a hyperoval.
(13) Dual derived semifield plane (DSFP* 2-rank 106) [13] Note that this is one of the planes that does not contain any hyperovals and thus the minimum weight of the plane's binary orthogonal code will be 20.
Starting with the points d1 d2 d4 d10 k1 k2 k4 k10 in a Baer subplane β, and using Construction 7, three 20-sets with 4-nucleus a0 are obtained, one of which is: d1 d2 d4 d10 k1 k2 k4 k10 3 6 s3 s6 7 12 s7 s12 a3 a6 a7 a12, and a complete 10-arc: d1 d2 k1 k2 3 6 s3 s6 a3 a6.
The finite points of this complete 10-arc and of its complementary arc form parts of four complete 16-arcs: d1 d2 k1 k2 3 6 s3 s6 h13 h14 m7 m12 x9 x11 z7 z12, d1 d2 k1 k2 3 6 s3 s6 n8 n15 r7 r12 t7 t12 w5 w16, d4 d10 k4 k10 7 12 s7 s12 h9 h11 m3 m6 x13 x14 z3 z6, d4 d10 k4 k10 7 12 s7 s12 n5 n16 r3 r6 t3 t6 w8 w15.
(See the comment after Corollary 3 relating to these arcs.)
However, using the starting points f 3 f 6 f 7 f 12 p3 p6 p7 p12 from a Baer subplane and proceeding as before yields again three 20-sets with 4-nucleus a0, one of which is: f 3 f 6 f 7 f 12 p3 p6 p7 p12 b1 b2 c1 c2 b4 b10 c4 c10 a3 a6 a7 a12, with a complete 10-arc b1 b2 c1 c2 f 3 f 6 p3 p6 a3 a6, but which does not complete to a complete 16-arc on removing the infinite points.
Starting with the eight points 1 2 4 10 s1 s2 s4 s10 in the Baer subplane β (see the first example above), yields three 20-sets with 4-nucleus a0, one of which is 1 2 4 10 s1 s2 s4 s10 d3 d6 d7 d12 k3 k6 k7 k12 a3 a6 a7 a12, with a complete 10-arc: 1 2 s1 s2 d7 d12 k7 k12 a3 a6, which gives complete 16-arcs from its finite points: 1 2 s1 s2 d7 d12 k7 k12 h3 h6 m13 m14 x3 x6 z9 z11, 1 2 s1 s2 d7 d12 k7 k12 n3 n6 r5 r16 t8 t15 w3 w6.
The symmetric difference of these two complete 16-arcs is not a complete 16-arc. [19] Note that this plane is referred to as the Mathon plane in [19] . Starting with the eight points B1 B2 B3 B4 C1 C2 C3 C4 in the Baer subplane 17(i) of [19] , a 20-set with 4-nucleus A0 is obtained:
(16) Classical semi-translation plane (BBH1 2-rank 110) [18] This is a self-dual plane. Starting with the points B1 B2 B3 B4 C1 C2 C3 C4 in a Baer subplane, using the method of Construction 7, three 20-sets with 4-nucleus A0 are obtained, one of which is:
The eight finite points of this complete 10-arc can be completed to complete 14-arcs in four ways, for example:
B1 B2 C1 C2 D5 D10 F 5 F 10 H6 H16 P 6 P 16 A5 A7 and B1 B2 C1 C2 D5 D10 F 5 F 10 H12 H15 P 12 P 15 A6 A8.
New 20-sets with 4-nucleus A0 may be obtained from eight points in the symmetric difference of these two arcs, one of which is:
H6 H16 H12 H15 P 6 P 16 P 12 P 15 L1 L2 L3 L4 T 1 T 2 T 3 T 4 A9 A10 A11 A12.
A 20-set with 4-nucleus A0 with, unusually, no points at infinity was found:
H2 H7 H11 H12 P 1 P 6 P 7 P 8 D1 D2 D3 D4 L4 L6 L11 L13 T 3 T 8 T 12 T 13, and a complete 10-arc:
H7 H11 P 7 P 8 D1 D2 L4 L6 T 8 T 13. The five 4-secants of the 20-set meet in a set of six points, and this set can be completed, by the addition of one more point and two more lines, to a Fano subplane. (19) Johnson strict semi-translation plane (JOHN 2-rank 114) [16] Starting with the eight points D3 D6 D4 D10 K3 K6 K4 K10 in the Baer subplane at the bottom of page 148 of [16] , and using Construction 7, a 20-set with 4-nucleus A0 is obtained:
D3 D6 D4 D10 K3 K6 K4 K10 F 5 F 16 F 13 F 14 P 5 P 16 P 13 P 14 A3 A6 A4 A10, and a complete 10-arc:
D3 D6 K4 K10 F 5 F 16 P 13 P 14 A3 A6.
A different splitting gives the complete 10-arc D3 D6 K3 K6 F 5 F 16 P 5 P 16 A3 A4, and its complement, to which the following hyperovals are attached:
D3 D6 K3 K6 F 5 F 16 H13 H14 Z13 Z14 T 4 T 10 W 4 W 10 A7 A12, D3 D6 K3 K6 F 13 F 14 P 13 P 14 H4 H10 Z4 Z10 T 5 T 16 W 5 W 16 A7 A12.
This plane has only a small number of hyperovals, and no pairs intersecting in eight points.
(20) Dual Johnson strict semi-translation plane (JOHN* 2-rank 114) [16] This is one of the planes that does not contain any hyperovals and thus the minimum weight of the plane's binary orthogonal code will be 20. Starting with the eight points d3 d6 d4 d10 k3 k6 k4 k10 in a Baer subplane, and using Construction 7, three 20-sets with 4-nucleus a0 are obtained:
d3 d6 d4 d10 k3 k6 k4 k10 f 8 f 15 f 9 f 11 p8 p15 p9 p11 a5 a16 a13 a14, d3 d6 d4 d10 k3 k6 k4 k10 f 5 f 16 f 13 f 14 p5 p16 p13 p14 a8 a15 a9 a11, d3 d6 d4 d10 k3 k6 k4 k10 f 1 f 2 f 7 f 12 p1 p2 p7 p12 a3 a6 a4 a10.
A splitting for the first of these gives the complete 10-arc: d3 d6 k4 k10 f 8 f 15 p9 p11 a5 a16.
